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Abstract
Let t be a representation of a compact group G on a Banach space ðX ; jj  jjÞ: The question
we address is whether X carries a unique invariant norm in the sense that jj  jj is the unique
norm on X for which t is a representation. We characterize the uniqueness of norm in terms of
the automatic continuity of the invariant functionals in the case when X is a dual Banach
space and t is a sðX ;XÞ-continuous representation of G on X such that tðGÞ consists of
sðX ;XÞ-continuous operators. We illustrate the usefulness of this characterization by
studying the uniqueness of the norm on the spaces LpðOÞ; where O is a locally compact
Hausdorff space equipped with a positive Radon measure and G acts on O as a group of
continuous invertible measure-preserving transformations.
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1. Introduction
Over the past years tremendous attention has been paid to the uniqueness-of-norm
problem in the context of Banach algebras. The most important result in this area is
the famous theorem by Johnson [11] that every semisimple Banach algebra carries a
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unique Banach algebra norm. This was a historically important question raised by
C.E. Rickart in 1950. The state-of-the-art is well documented in the comprehensive
account of Dales [3]. According to Johnson’s theorem, L1ðGÞ carries a unique
Banach algebra norm for any locally compact group G: Recently quite a lot of
progress has been made in the understanding of the intimate connection between the
translations and the norm of the classical Banach spaces related to a locally compact
group G; such as LpðGÞ with 1pppþN: Investigation about this subject started
with the seminal paper by Jarosz [10] about the uniqueness of translation invariant
norms on L1ðRÞ and rotation invariant norms on LpðTÞ ð1pppNÞ and it has been
successfully carried out for arbitrary locally compact abelian groups [5,26] and for
compact (non-abelian) groups [6].
Though the question of the uniqueness of translation invariant norms seems to be
very recent, it turned out in [5,6] that it is closely related to the classical problem of
determining whether or not there is a discontinuous translation invariant functional
on LpðGÞ: The question which spaces X have discontinuous translation invariant
functionals has been much studied; see [14,16] for surveys. As a matter of fact,
motivated by the automatic continuity of the translation invariant functionals on
LpðGÞ; Willis showed in [27, Theorem 3.2] that if G contains the free group F2 as a
closed subgroup, X is a Banach space on which G acts, and S : X-L1ðGÞ is a linear
operator commuting with translations, then S is continuous. This entails that every
complete norm jj  jj on L1ðGÞ making all the left translation operators from
ðL1ðGÞ; jj  jjÞ into itself continuous is equivalent to the norm jj  jj1: We say that
L1ðGÞ carries a unique topologically invariant norm. Likewise, it can be deduced
from [12, Corollary 2] that if G is a locally compact group containing Z as a closed
subgroup and X is a Banach space on which G acts boundedly, then every linear
operator S : X-L1ðGÞ commuting with translations is continuous. This clearly
forces that every complete norm jj  jj on L1ðGÞ with the property that translation
operators from ðL1ðGÞ; jj  jjÞ onto itself are isometries is equivalent to the norm
jj  jj1: In this case we say that L1ðGÞ carries a unique invariant norm.
In this paper we study the uniqueness-of-invariant-norm problem for an arbitrary
Banach space ðX ; jj  jjÞ on which a compact group G acts. The problem is to decide
whether each complete norm j  j on X making translations continuous is equivalent
to the norm jj  jj: Our approach relies on the invariant functionals on X : The paper
is organized as follows. In Section 2 we introduce the terminology and some
technical devices that we shall use throughout the paper. In Section 3 it is pointed
out that the class of invariant functionals on X is too small to characterize
uniqueness of invariant norm for an arbitrary Banach space X on which G acts. For
this characterization we introduce the auxiliary spaces LðHpÞ#X ; where p ranges
through the irreducible unitary representations of G and Hp is the representation
space of p: We deﬁne the notions of p-invariant element in LðHpÞ#X and of
p-invariant functional on LðHpÞ#X and show that X does not carry a unique
invariant norm when there exist, for some p; discontinuous p-invariant functionals
on LðHpÞ#X and a non-zero p-invariant element in LðHpÞ#X : Section 4 contains
the main theorem: if t is a sðX ;XÞ-continuous representation of G on a dual
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Banach space X such that tðGÞ consists of sðX ;XÞ-continuous operators, then
X carries a unique invariant norm if and only if every p-invariant functional is
continuous whenever p is such that there exists a non-zero p-invariant element.
Finally, Section 5 is devoted to illustrating the usefulness of our characterization
when considering the Banach spaces LpðOÞ; where O is a locally compact Hausdorff
space equipped with a positive Radon measure on which G acts as a group of
continuous invertible measure-preserving transformations. It turns out that the
property that the classical norms jj  jjp are the unique norms on LpðOÞ which are
well-behaved with respect to translations is equivalent to the transitivity of the action
and the property that every translation invariant functional on LpðGÞ is a multiple of
the Haar integral. We thus extend the results of [6] and we ﬁnd the complete
analogue of the result for T in [10] for all the N-dimensional Euclidean spheres SN :
for NX2 every complete norm on either LpðSNÞ with 1op or CðSNÞ making
rotations continuous is equivalent to the classical norm on the space.
2. Preliminaries
In this section we ﬁx the notation and recall some basic deﬁnitions.
From now on G denotes a compact group with left Haar measure lG normalized
so that lGðGÞ ¼ 1:
2.1. Representations on Banach spaces
Let LðXÞ denote the Banach algebra of all continuous linear operators on a given
nonzero complex Banach space X ; and let X  be the topological dual space of X : Let
X be any linear subspace of X : As usual, sðX ;XÞ stands for the coarsest topology
on X for which each of the functionals of X is continuous. For every TALðX Þ;
TALðX Þ stands for the adjoint operator of T : We shall use the same symbol to
denote the norm on both spaces X and LðX Þ and we shall say ‘norm’ for ‘complete
norm’.
A representation of G on a Banach space ðX ; jj  jjÞ is a group homomorphism
t : G-LðXÞ from G into the group of all invertible elements of LðXÞ: For all tAG
and xAX we call tðtÞx the translate of x by t: Note that we do not require any
continuity of the homomorphism t: In [27] is said that X is a Banach space on which
G acts. The representation is said to be bounded if there exists a constant C such that
jjtðtÞjjpC for each tAG and, in this situation, X becomes a Banach G-module in the
sense of [12]. It is worth pointing out that by deﬁning jxj ¼ suptAG jjtðtÞxjj for each
xAX we obtain a norm on X which is equivalent to jj  jj and, with respect to this new
norm, tðGÞ consists of isometries. Thus when considering a bounded representation
t of G we shall always assume that tðGÞ consists of isometries. The representation is
said to be strongly continuous if the map t/tðtÞx is continuous for each xAX : Let
X be a linear subspace of X : We call the representation sðX ;XÞ-continuous if the
function t/xðtðtÞxÞ is continuous on G for all xAX and xAX: Of course, every
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strongly continuous representation is sðX ;XÞ-continuous. It is worth pointing out
that every sðX ;X Þ-continuous representation of G is automatically strongly
continuous (see [22, Lemma 1.4.2]). A key fact we shall use throughout the paper
is that, under a certain additional assumption on the space X; every sðX ;XÞ-
continuous representation of G on X becomes integrable. This will follow from the
next result.
Lemma 2.1. Let X be a Banach space, let X be a linear subspace of X ; and let
f : G-X be a sðX ;XÞ-continuous map. Suppose that one of the following conditions
holds:
(i) X ¼ X ;
(ii) X is a dual Banach space and X is a predual of X :
Then, for every mAMðGÞ; f is m-integrable in the sense that there exists exactly one
element
R
G
f ðtÞ dmðtÞAX with the property that
x
Z
G
f ðtÞ dmðtÞ
 
¼
Z
G
xð f ðtÞÞ dmðtÞ
for each xAX:
Proof. On account of [21, Theorem 3.27 and its Remark], f is m-integrable for each
mAMðGÞ whenever the sðX ;XÞ-closed convex hull of every sðX ;XÞ-compact
subset of X is sðX ;XÞ-compact. In the case (i), this assumption holds by the Krein–
Sˇmulian theorem on weak compactness while in the case (ii), this assumption follows
from the Banach–Alaoglu theorem. &
In the representation theory of locally compact groups, the unitary representations
play the predominant role. As usual, a unitary representation of G is a strongly
continuous representation p of G on some Hilbert space Hp such that pðGÞ consists
of unitary operators. p is said to be irreducible if f0g and Hp are the only closed
subspaces of Hp that are invariant under pðGÞ: Since G is compact, it is well-known
that every irreducible unitary representation of G is ﬁnite-dimensional (see
[8, Theorem 22.13] for example). In this situation, when an orthonormal basis
ðeiÞni¼1 of Hp is ﬁxed, pðtÞ is represented by a unitary matrix ðpijðtÞÞ; where pijðtÞ ¼
/pðtÞðejÞ; eiS for all i; jAf1;y; ng and tAG: Note that pij is a continuous complex-
valued function on G: Two unitary representations p and p0 of G are said to be
equivalent if there is a unitary operator U : Hp-Hp0 such that UpðtÞ ¼ p0ðtÞU for
each tAG: We shall denote by Gˆ the set of equivalence classes of irreducible unitary
representations of G and we shall denote by ½p the class of an irreducible unitary
representation p of G:
Let MðGÞ denote the Banach space of all bounded complex-valued regular Borel
measures on G: Recall that MðGÞ is a Banach -algebra with the product given by
convolution% and involution given by mðEÞ ¼ mðE1Þ for all mAMðGÞ and ECG
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measurable. Every unitary representation p of G yields a norm decreasing unital
algebra -homomorphism pMðGÞ from MðGÞ into the C-algebra LðHpÞ which is
deﬁned by
pMðGÞðmÞ ¼
Z
G
pðtÞ dmðtÞ
for each mAMðGÞ: To shorten notation, we continue to write p for pMðGÞ when no
confusion can arise.
2.2. Adjoint representations
Let t be a representation of G on a Banach space X : Then it is easily seen that the
map t : G-LðX Þ deﬁned by tðtÞ ¼ tðt1Þ for each tAG is a representation of G
on X ; which is sðX ;XÞ-continuous in the case where t is sðX ;X Þ-continuous. We
call t the adjoint representation of t:
In order to establish the most important results of this paper we are required to
restrict our attention to certain adjoint representations of G on dual Banach spaces.
In the next result we give a characterization of these representations.
Lemma 2.2. Let t be a representation of G on a dual Banach space X and let X be a
predual of X : Then the following assertions are equivalent:
(i) There exists a strongly continuous representation t of G on X such that
t ¼ ðtÞ:
(ii) t is sðX ;XÞ-continuous and tðGÞ consists of sðX ;XÞ-continuous operators.
Proof. Of course we only need to show that (ii) implies (i). Let tAG: Then tðt1Þ is a
sðX ;XÞ-continuous operator on X and therefore there exists exactly one operator
tðtÞALðXÞ such that tðtÞ ¼ tðt1Þ: It is clear that t is a representation of G on
X: In fact, from the sðX ;XÞ-continuity of t it follows that t is sðX;X Þ-
continuous and therefore it is strongly continuous. &
2.3. Example
Let O be a locally compact Hausdorff space on which G acts. This means that
there exists a continuous map ðt;oÞ/to from G  O into O such that eo ¼ o and
sðtoÞ ¼ ðstÞo for all s; tAG and oAO: We deﬁne the translates of every function
f :O-C by ðtðtÞf ÞðoÞ ¼ f ðt1oÞ for all oAO and tAG:
Let C0ðOÞ be the Banach space of all complex-valued continuous functions on O
vanishing at inﬁnity. It is shown in [1, Proposition VIII, Section 2.5] that t gives a
strongly continuous representation of G on C0ðOÞ: The dual of C0ðOÞ can be
identiﬁed with the Banach space MðOÞ of (bounded) complex-valued regular Borel
measures on O: The left translates of a measure mAMðOÞ are deﬁned by tðtÞmðEÞ ¼
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mðt1EÞ so that we obtain a representation of G on MðOÞ: This is the adjoint of the
representation of G on C0ðOÞ:
We now assume O to carry a positive invariant Radon measure lO: We denote by
LpðOÞ ð1ppÞ the Banach space of all measurable complex-valued functions f (or
rather, equivalence classes thereof) on O with
jj f jjp ¼
Z
O
j f ðoÞjp dlOðoÞ
 1=p
oN ðpoNÞ
jj f jjN ¼ inf sup
oAO\Z
j f ðoÞj : Z is locally null
( )
oN:
It is shown in [1, Proposition VIII, Section 2.9] that t gives a strongly continuous
representation of G on LpðOÞ for each 1ppoN: Of course the representation of G
on LNðOÞ is nothing but the adjoint of the representation of G on L1ðOÞ: As usual,
L1ðOÞ is identiﬁed with the closed subspace of MðOÞ consisting of measures which
are absolutely continuous with respect to lO: Furthermore, this identiﬁcation
commutes with translations so that we can think of L1ðOÞ as being an invariant
subspace of MðOÞ:
The action of G on itself and the action of the isometries on a Riemannian
manifold are of special interest.
It is obvious that the translation operators are isometries from the Banach spaces
ðC0ðOÞ; jj  jjNÞ and ðLNðOÞ; jj  jjNÞ onto themselves. The invariance of the measure
lO entails that the translation operators are also isometries from ðLpðOÞ; jj  jjpÞ onto
itself for each 1pp: The question we wish to address is whether the classical norms
jj  jjp are the unique norms which are so well-behaved with respect to translations.
Until further notice ðX ; jj  jjÞ stands for a Banach space which is equipped with a
sðX ;XÞ-continuous representation t of G on ðX ; jj  jjÞ; where either X ¼ X  or X
is a dual Banach space and X is a predual of X : It should be noted that t is bounded
and thus we can certainly assume that tðGÞ consists of isometries. Indeed, the
continuity of the map t/xðtðtÞxÞ from G into X together with the compactness of G
imply that the map is bounded for all xAX and xAX: The uniform boundedness
theorem now shows that the subset ftðtÞ : tAGg of LðX Þ is bounded. Thus X is
renormalized in the following so that t is a representation by isometries.
The Banach space X is said to carry a unique invariant/topologically invariant norm
if every norm j  j on X such that tðGÞ consists of isometries/homeomorphisms of the
Banach space ðX ; j  jÞ is necessarily equivalent to jj  jj:
2.4. Convolutions and useful operators
According to Lemma 2.1, for arbitrary mAMðGÞ and xAX ; we can deﬁne
m%xAX by
m%x ¼
Z
G
tðtÞx dmðtÞ:
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It is then straightforward to check that X turns into a Banach left MðGÞ-module
with the operation given by% and that the map x/lG%x is a projection onto the
invariant elements of X : As usual by an invariant element of X we mean an xAX
with the property that
tðtÞx ¼ x
for each tAG:
Remark 2.1. It is a simple matter to see that in the case when X ¼ MðGÞ the above
deﬁned operation is nothing but the classical convolution. This is the reason why we
have chosen the notation%:
We now consider ½pAGˆ: Let LðHpÞ ##X denote the projective tensor product of
LðHpÞ and X : It should be noted that the underlying space of LðHpÞ ##X is nothing
but the algebraic tensor product LðHpÞ#X ; which can be identiﬁed with the space
MnðX Þ of all n  n matrices with entries from X ; where n ¼ dim Hp and we shall
change freely between speaking of tensor products and of the corresponding matrix
spaces. The Banach space LðHpÞ ##X turns into a Banach LðHpÞ-bimodule with the
operations given by
S  ðT#xÞ ¼ ðSTÞ#x ¼ ðS#xÞ  T
for all S;TALðHpÞ and xAX : Given another ﬁnite-dimensional Hilbert space H and
linear operators U :Hp-H and V :H-Hp we deﬁne U  zALðH;HpÞ#X and x 
VALðHp;HÞ#X for all zALðHpÞ#X and xALðHÞ#X through U  ðS#xÞ ¼
ðUSÞ#x and ðT#xÞ  V ¼ ðTVÞ#x for all SALðHpÞ; TALðHÞ; and xAX (where
the meaning of both LðH;HpÞ and LðHp;HÞ is clear enough). On the other hand, we
deﬁne a representation of G on LðHpÞ ##X through
tðtÞðT#xÞ ¼ T#tðtÞx
for all TALðHpÞ; xAX ; and tAG: Moreover we have tðtÞðS  z  TÞ ¼ S  tðtÞz  T for
all S;TALðHpÞ and zALðHpÞ#X ; and this property is used frequently in what
follows. It should be pointed out that the map x/I#x is an isometry from X into
LðHpÞ ##X which commutes with translations so that X is thought of in the
following as being an invariant closed subspace of LðHpÞ ##X : By abuse of notation,
we write x instead of I#x for xAX : Taking into account the usual identiﬁcation of
ðLðHpÞ ##X Þ with the injective tensor product LðHpÞ $#X we can see that the
representation of G on LðHpÞ ##X is sðLðHpÞ ##X ; ðLðHpÞ ##XÞÞ-continuous.
Furthermore, we deﬁne a new representation tp of G on LðHpÞ ##X by
tpðtÞz ¼ pðtÞ  tðtÞz
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for each zALðHpÞ ##X : The representation tp is sðLðHpÞ ##X ; ðLðHpÞ ##XÞÞ-
continuous. We deﬁne a linear operator pw:LðHpÞ ##X-LðHpÞ ##X by
pwðzÞ ¼ lG%pz ¼
Z
G
pðtÞ  tðtÞz dlGðtÞ
for each zALðHpÞ ##X :
Remark 2.2. When an orthonormal basis of Hp is ﬁxed we can think of pwððxijÞÞ as
being the matrix of MnðXÞ given by
pwððxijÞÞ ¼
Xn
k¼1
pik%xkj
 !
for each ðxijÞAMnðXÞ:
We now gather together a few properties of pw that we shall use in the
sequel.
Lemma 2.3. Let p be a unitary representation of G: Then the following assertions
hold:
(i) pw is continuous with jjpwjjp1;
(ii) ðpwÞ2 ¼ pw;
(iii) pwðm%xÞ ¼ pwðxÞ  pð %m%Þ and m%pwðzÞ ¼ pð %mÞ  pwðzÞ for all mAMðGÞ; xAX ;
and zALðHpÞ ##X :
Proof. Assertions (i) and (ii) are immediate from the deﬁnition.
What is left is to prove (iii). For all mAMðGÞ; xAX ; and zALðHpÞ ##X ; we have
pwðm%xÞ ¼ pw
Z
G
tðtÞx dmðtÞ
 
¼
Z
G
pwðtðtÞxÞ dmðtÞ
¼
Z
G
Z
G
pðsÞ#tðsÞðtðtÞxÞ dlGðsÞ
 
dmðtÞ
¼
Z
G
Z
G
pðut1Þ#tðuÞx dlGðuÞ
 
dmðtÞ
¼
Z
G
Z
G
pðuÞ#tðuÞx dlGðuÞ
 
 pðt1Þ dmðtÞ
¼
Z
G
pwðxÞ  pðt1Þ dmðtÞ ¼ pwðxÞ  pð %mÞ
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and
m%pwðzÞ ¼
Z
G
tðtÞðpwðzÞÞ dmðtÞ
¼
Z
G
tðtÞ
Z
G
pðsÞ  tðsÞz dlGðsÞ
 
dmðtÞ
¼
Z
G
Z
G
pðsÞ  tðtÞðtðsÞzÞ dlGðsÞ
 
dmðtÞ
¼
Z
G
Z
G
pðt1uÞ  tðuÞz dlGðuÞ
 
dmðtÞ
¼
Z
G
pðt1Þ 
Z
G
pðuÞ  tðuÞz du
 
dmðtÞ
¼
Z
G
pðt1Þ  pwðzÞ dmðtÞ ¼ pð %mÞ  pwðzÞ: &
Remark 2.3. On account of Lemma 2.3 and Remark 2.2, we have
pij%tðtÞx ¼
Xn
k¼1
pjkðtÞpik%x
and
tðtÞðpij%xÞ ¼
Xn
k¼1
pkiðtÞpkj%x
for all xAX and tAG:
Lemma 2.4. The following assertions hold:
(i) If ½p; ½$ AGˆ and U : Hp-H$ is a unitary operator such that UpðtÞ ¼ $ðtÞU for
each tAG; then U  pwðxÞ ¼ $wðxÞ  U for each xAX ;
(ii) If xAX is such that pwðxÞ ¼ 0 for each ½pAGˆ; then x ¼ 0:
Proof. (i) For every xAX ; we have
U  pwðxÞ ¼
Z
G
U  ðpðtÞ#tðtÞxÞ dlGðtÞ
¼
Z
G
ðUpðtÞÞ#tðtÞx dlGðtÞ ¼
Z
G
ð$ðtÞUÞ#tðtÞx dlGðtÞ
¼
Z
G
ð$ðtÞ#tðtÞxÞ  U dlGðtÞ ¼ $wðxÞ  U :
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(ii) From the continuity of the functionals T#x//Tu; vSxðxÞ for all u; vAHp
and xAX we deduce that
Z
G
/pðtÞu; vSxðtðtÞxÞ dlGðtÞ ¼ 0
for all pAGˆ; u; vAHp; and xAX: Consequently,
Z
G
pðtÞxðtðtÞxÞ dlGðtÞ ¼ 0
for each trigonometric polynomial p and xAX: Since trigonometric polynomials are
dense in CðGÞ with the uniform norm [9, Theorem 27.39], it may be concluded thatR
G
f ðtÞxðtðtÞxÞ dlGðtÞ ¼ 0 for all fACðGÞ and xAX: This yields xðtðtÞxÞ ¼ 0 for all
tAG and xAX; which implies that tðtÞx ¼ 0 for each tAG and so x ¼ 0: &
In order to measure the size of a subset M of X we shall consider the subset DðMÞ
of Gˆ deﬁned by
DðMÞ ¼ f½pAGˆ: pwðMÞaf0gg:
This deﬁnition makes sense because, on account of Lemma 2.4(i), if $A½p and
U :Hp-H$ is a unitary operator such that UpðtÞ ¼ $ðtÞU for each tAG; then
pwðMÞ ¼ f0g if and only if $wðMÞ ¼ f0g: On the other hand, on account of Lemma
2.4(ii), M ¼ f0g if and only if DðMÞ ¼ |:
For a given ½pAGˆ; we call an element zALðHpÞ ##X p-invariant if it is invariant
with respect to the representation tp; which is equivalent to the property
tðtÞz ¼ pðt1Þ  z
for each tAG: Thus, the p-invariant elements can be viewed as a nonabelian
generalization of the scalar G-submodules of [12]. On the other hand, the operator pw
gives a projection from LðHpÞ ##X on the p-invariant elements of LðHpÞ ##X :
Remark 2.4. When we ﬁx an orthonormal basis on Hp; then with respect to this basis
the p-invariant elements are the matrices ðxijÞ whose entries satisfy
tðtÞxij ¼
Xn
k¼1
pkiðtÞxkj
for all i; jAf1;y; ng and tAG:
ARTICLE IN PRESS
A.R. Villena / Journal of Functional Analysis 215 (2004) 366–398 375
3. Nonuniqueness of invariant norms
It turned out in [5,6] that the uniqueness of invariant norms on the spaces LpðGÞ is
intimately connected with the classical problem whether or not every invariant
functional on LpðGÞ is automatically continuous. However a special feature of
replacing the spaces LpðGÞ with an arbitrary Banach space X is the fact that the class
of invariant functionals of X is far too restrictive, and we now become involved with
a somewhat more general class of invariant functionals.
A linear functional f on X is said to be invariant if
fðtðtÞxÞ ¼ fðxÞ
for all tAG and xAX : Let ½pAGˆ: A linear functional f:LðHpÞ#X-C is said to be
p-invariant if it is invariant with respect to the representation tp: This is equivalent to
fðtðtÞzÞ ¼ fðpðt1Þ  zÞ
for all zALðHpÞ#X and tAG:
Remark 3.1. Let ½pAGˆ and let ðeiÞni¼1 an orthonormal basis of Hp: Let Eij the linear
operator from Hp into itself deﬁned by EijðekÞ ¼ djkei for i; j; k ¼ 1;y; n: It is clear
that every linear functional f on LðHpÞ#X can be thought of as a matrix ðfijÞ of
linear functionals on X ; where fijðxÞ ¼ fðEij#xÞ for all i; jAf1;y; ng and xAX :
Furthermore, f is a p-invariant functional if and only if
fijðtðtÞxÞ ¼
Xn
k¼1
pikðtÞfkjðxÞ
for all i; jAf1;y; ng; tAG; and xAX :
Example 3.1. Let G be a compact abelian group, let gAGˆ\f1g; and let X be a Banach
space. Deﬁne tðtÞx ¼ gðtÞx for all tAG and xAX : Then a linear functional f on X is
invariant if and only if f ¼ 0: Indeed, if tAG is such that gðtÞa1 and xAX ; then
fðxÞ ¼ fðtðtÞxÞ ¼ fðgðtÞxÞ ¼ gðtÞfðxÞ and thus fðxÞ ¼ 0: On the other hand, it is
clear that every linear functional on X is g-invariant.
The preceding example shows that even in the case when every invariant
functional on X is automatically continuous, X may carry discontinuous p-invariant
functionals for some ½pAGˆ:
Theorem 3.1. Let G be a compact group, let ðX ; jj  jjÞ be a Banach space, and let t be a
sðX ;X)-continuous representation of G on X (where either X ¼ X  or X is a dual
Banach space and X is a predual of X ). Suppose that there exist a non-zero p-invariant
element and a discontinuous p-invariant functional for some ½pAGˆ: Then there exists a
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complete norm j  j on X which is not equivalent to jj  jj and t is a representation of G on
ðX ; j  jÞ with jtðtÞjpjjtðtÞjj for each tAG:
Proof. Since there is a p-invariant element, it follows that pwðLðHpÞ ##XÞaf0g:
Since pwðT#xÞ ¼ pwðxÞ  T for all TALðHpÞ and xAX ; we conclude that
pwðX Þaf0g: Let uAX such that pwðuÞa0 and let i; jAf1;y; ng be such that
pij%ua0:
Let f be a discontinuous p-invariant functional.
We claim that, for every lAf1;y; ng; the map Tl : X-X deﬁned by
TlðxÞ ¼
Xn
k¼1
fðEkl#xÞpkj%u
for each xAX commutes with all the translation operators. On account of Remarks
2.3 and 3.1, we have
TlðtðtÞxÞ ¼
Xn
k¼1
fðEkl#tðtÞxÞpkj%u
¼
Xn
k¼1
Xn
m¼1
pkmðtÞfðEml#xÞ
 !
pkj%u
¼
Xn
m¼1
fðEml#xÞ
Xn
k¼1
pkmðtÞpkj%u
 !
¼
Xn
m¼1
fðEml#xÞtðtÞðpmj%uÞ ¼ tðtÞTlðxÞ:
Our next objective is to show that there exists lAf1;y; ng such that the map Tl is
discontinuous. To obtain a contradiction, suppose that Tl is continuous for each
lAf1;y; ng: Then the map x/pij%TlðxÞ from X into itself is continuous for each
lAf1;y; ng: According to [9, Theorem 27.20(iii)], we have pij%pkj ¼ 1n djkpij for
each kAf1;y; ng and so pij%TlðxÞ ¼ 1nfðEjl#xÞpij%u: Since pij%ua0; it follows
that the functional x/fðEjl#xÞ is continuous for each lAf1;y; ng: Since the
linear subspace of Hp given by
XN
m¼1
ampðtmÞej : NAN; a1;y; aNAC; t1;y; tNAG
( )
is non-zero and p-invariant, we conclude that for every kAf1;y; ng there exist
NkAN; a1k;y; aNkkAC; and t1k;y; tNkkAG such that
XNk
m¼1
amkpðtmkÞej ¼ ek:
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On the other hand, we have
fðEjl#tðt1mkÞxÞ ¼
Xn
p¼1
pjpðt1mkÞfðEpl#xÞ ¼
Xn
p¼1
/ej ; pðt1mkÞepSfðEpl#xÞ
¼
Xn
p¼1
/pðtmkÞej; epSfðEpl#xÞ
and we thus get
XNk
m¼1
amkfðEjl#tðt1mkÞxÞ ¼
Xn
p¼1
XNk
m¼1
amkpðtmkÞej; ep
* +
fðEpl#xÞ
¼
Xn
p¼1
/ek; epSfðEpl#xÞ ¼ fðEkl#xÞ
for all k; lAf1;y; ng and xAX : Since the functionals x/fðEjl#tðt1mkÞxÞ are
continuous for all k; lAf1;y; ng and mAf1;y;Nkg; we see that the functional
fðEkl#xÞ is continuous for all k; lAf1;y; ng; which clearly implies the continuity
of the functional f; contrary to our assumption.
Pick lAf1;y; ng such that Tl is discontinuous. Let aAC\f0g with aespðTljTl ðXÞ Þ;
where spðTljTl ðXÞ Þ stands for the spectrum of the restriction of Tl to TlðX Þ: We claim
that the map S : X-X deﬁned by SðxÞ ¼ ax  TlðxÞ is bijective. We ﬁrst prove the
injectivity. Assume that ax  TlðxÞ ¼ 0: If TlðxÞ ¼ 0; then ax ¼ 0 and so x ¼ 0:
Since aTlðxÞ ¼ TlðTlðxÞÞ; if TlðxÞa0; then aAsðTljTl ðX Þ Þ; a contradiction. Our next
concern is the surjectivity. Let yAX and take
x ¼ 1
a
½y þ ðaIjTlðXÞ  TljTl ðXÞ Þ
1ðTlðyÞÞ:
Since IjTlðXÞ þ ðaIjTlðX Þ  TljTl ðXÞ Þ
1
TljTl ðXÞ ¼ aðaIjTlðXÞ  TljTl ðX Þ Þ
1; we have
TlðxÞ ¼ 1a ½TlðyÞ þ ðaIjTlðX Þ  TljTl ðX Þ Þ
1
TlðTlðyÞÞ
¼ 1
a
½IjTl ðX Þ þ ðaIjTlðXÞ  TljTl ðXÞ Þ
1
TljTl ðXÞ ðTlðyÞÞ
¼ 1
a
½aðaIjTl ðXÞ  TljTl ðXÞ Þ
1ðTlðyÞÞ
¼ ðaIjTl ðX Þ  TljTl ðXÞ Þ
1ðTlðyÞÞ:
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On the other hand, we have
ax ¼ y þ ðaIjTlðX Þ  TljTl ðXÞ Þ
1ðTlðyÞÞ;
which together with the last identity above gives ax  TlðxÞ ¼ y; as required.
Consequently, the map j  j deﬁned on X by jxj ¼ jjSðxÞjj for each xAX is a norm
on X which is not equivalent to jj  jj: On the other hand, we have
jtðtÞxj ¼ jjSðtðtÞxÞjj ¼ jjtðtÞSðxÞjjpjjtðtÞjj jjSðxÞjj ¼ jjtðtÞjj jxj
for all tAG and xAX ; which shows that t is a representation of G on ðX ; j  jÞ and
that jtðtÞjpjjtðtÞjj for each tAG: &
Remark 3.2. Let assumptions of Theorem 3.1 hold and let S be the map obtained
in the proof. Then the dual space of ðX ; j  jÞ is X x ¼ fx3S1: xAX g and Xx ¼
fx3S1: xAXg is a predual of ðX ; j  jÞ; in the case when ðX ; jj  jjÞ is a dual Banach
space. On the other hand, we have ðx3S1ÞðtðtÞxÞ ¼ xðtðtÞðS1ðxÞÞÞ for all xAX;
xAX ; and tAG; which clearly shows that t is sðX ;XxÞ-continuous. Furthermore,
since
jtðtÞx  tðsÞxj ¼ jjSðtðtÞx  tðsÞxÞjj ¼ jjtðtÞðSðxÞÞ  tðsÞðSðxÞÞjj
for all s; tAG and xAX ; it follows that t is a strongly continuous representation of G
on ðX ; j  jÞ provided that t is a strongly continuous representation of G on ðX ; jj  jjÞ:
Consequently, the existence of discontinuous p-invariant functionals does not allow
the uniqueness of invariant norms even when we restrict the sense of the uniqueness
to the narrower context of strongly continuous representations.
4. Uniqueness of invariant norms
4.1. Gliding hump sequences
Let A denote the subalgebra of MðGÞ generated by all the unit point mass
measures dt with tAG: It is worth pointing out that A is the -subalgebra of MðGÞ
consisting of discrete measures with ﬁnite support and that every unitary
representation p of G lifts to an algebra -homomorphism, pA; from A into
LðHpÞ; which is nothing but the restriction of pMðGÞ to A: If p is an irreducible
unitary representation of G; then pA is an algebraically irreducible representation of
the algebra A on the space Hp: Furthermore, on account of [9, Theorem 27.13], if p
and $ are non-equivalent irreducible unitary representations of G; then the
representations pA and $A of A are not equivalent. We shall write p for pA when no
confusion can arise.
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Lemma 4.1. Let p1;y; pn be pairwise non-equivalent irreducible unitary representa-
tions of G: Then the map m/ðp1ðmÞ;y; pnðmÞÞ from A into LðHp1Þ"?"LðHpnÞ is
an epimorphism.
Proof. p1;y; pn are pairwise non-equivalent algebraically irreducible representa-
tions of the algebra A on the spaces Hp1 ;y;Hpn ; respectively. Thus the result is a
consequence of [3, Corollary 1.4.39]. &
Lemma 4.2. Let S be an infinite set of pairwise non-equivalent irreducible unitary
representations of G: Then there exist sequences ðpnÞ in S and ðmnÞ in A for which one
of the following assertions holds:
(i) pnðmn%?%m1Þa0 and pnðmnþ1%?%m1Þ ¼ 0 for each nAN:
(ii) pnðmn%mnÞa0 and pðmm%mnÞ ¼ 0 for all pAS and m; nAN with man:
Proof. Let P be the set of those pAS for which there exists npAA with the property
that pðnpÞa0 and p0ðnpÞ ¼ 0 for each p0AS\fpg:
We ﬁrst assume that P is inﬁnite. Let ðpnÞ be a sequence of pairwise different
elements of P and let us write nn ¼ npn for each nAN: For every nAN let xnAHpn
be such that pnðnnÞðxnÞa0 and we apply Lemma 4.1 to get RnAA such
that pðRnÞðpnðnnÞxnÞ ¼ xn: Set mn ¼ Rn%nn for each nAN: Then it is easily seen
that pnðmn%mnÞxn ¼ xna0 and pðmm%mnÞ ¼ 0 for all pAS and m; nAN with
man:
We now assume thatP is ﬁnite. Set p1AS\P and m1 ¼ de: Then p1ðm1Þa0: Assume
that p1;y; pnAS\P and m1;y; mnAA have been chosen so that pkðmk%?%m1Þa0
if kpn and pkðmkþ1%?%m1Þ ¼ 0 if kon: We claim that pðmn%?%m1Þa0 for
some pAS\ðP,fpngÞ: Suppose, contrary to our claim, that pðmn%?%m1Þ ¼ 0
for each pAS\ðP,fpngÞ: From Lemma 4.1 it follows that there exists mAA
such that pðmÞ ¼ 0 for each pAP and pnðmÞ ¼ In; where In stands for the identity
operator on Hpn : We thus get pðm%mn%?%m1Þ ¼ 0 for each pAS\fpng
and pnðm%mn%?%m1Þa0; which implies pnAP; a contradiction. Pick
pnþ1AS\ðP,fpngÞ such that pnþ1ðmn%?%m1Þa0: By Lemma 4.1 there exists
mnþ1AA such that pnðmnþ1Þ ¼ 0 and pnþ1ðmnþ1Þ ¼ Inþ1: The sequences ðpnÞ and ðmnÞ
constructed in this way satisfy the requirements of the ﬁrst assertion. &
4.2. The basic principle
Throughout this section we consider the case when X is equipped with another
norm j  j for which t becomes a representation of G on ðX ; j  jÞ: In order to study
whether j  j is necessarily equivalent to jj  jj we are required to bring a number of
tools from the automatic continuity theory.
A particularly important notion in automatic continuity is that of the separating
space SðFÞ of a linear map F from a Banach space X into a Banach space Y which is
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deﬁned as follows:
SðFÞ ¼ fyAY: there exists ðxnÞ-0 in X with ðFðxnÞÞ-yg:
The separating space is a closed subspace of Y: Moreover, it is an immediate
restatement of the closed graph theorem that F is continuous if and only if SðFÞ ¼
f0g: Another standard fact we shall use is that CF is continuous if and only if
CðSðFÞÞ ¼ f0g whenever C is any continuous linear operator from Y into another
Banach space Z: We refer the reader to [3], where the basic properties of the
separating space are explored. Our method involves the so-called gliding hump
technique. The next result, which is a slight modiﬁcation of [3, Theorem 5.2.6],
formalizes this method.
Lemma 4.3. Let X and Y be Banach spaces and let F : X-Y be a linear map. Suppose
that there exist TnALðXÞ and continuous linear maps Sn from Y into Banach spaces Yn
for nAN with the property that each map SnFT1?Tm is continuous for m4n; then
SnFT1?Tn is continuous for sufficiently large n:
We shall denote by F the identity operator from ðX ; j  jÞ into ðX ; jj  jjÞ and we
shall write its separating space simply S: It is important to note here that all the
convolutions and w-operations we shall use in the sequel are considered with respect
to the norm jj  jj: Every mAA can be expressed in the form m ¼Pnk¼1 akdtk with
nAN; a1;y; anAC; and t1;y; tnAG; so that m%x is nothing but
Pn
k¼1aktðtkÞx: In
order to check whether or not S ¼ f0g we shall consider the subset DðSÞ of Gˆ
deﬁned in Section 2 as
DðSÞ ¼ f½pAGˆ: pwðSÞaf0gg:
We shall write LðHpÞ ##ðX ; jj  jjÞ and LðHpÞ ##ðX ; j  jÞ as LðHpÞ#jjjjX and
LðHpÞ#jjX ; respectively. Recall that the underlying spaces of both LðHpÞ#jjjjX
and LðHpÞ#jjX are nothing but LðHpÞ#X and we shall write the corresponding
norms simply by jj  jj and j  j; respectively.
Lemma 4.4. The following assertions hold:
(i) SðF1Þ ¼ S and therefore S is closed in both ðX ; jj  jjÞ and ðX ; j  jÞ;
(ii) S is an invariant subspace of X ;
(iii) jj  jj and j  j are equivalent if and only if DðSÞ ¼ |:
Proof. (i) The proof is just a straightforward veriﬁcation.
(ii) Since FtðtÞ ¼ tðtÞF for each tAG; this is an easy consequence of [3,
Proposition 5.2.2(iii)].
(iii) It is known that jj  jj and j  j are equivalent if and only if F is continuous and
we already know that this is equivalent to the condition SðFÞ ¼ f0g: On account of
Lemma 2.4(ii), this latter condition is equivalent to DðSÞ ¼ |: &
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Lemma 4.5. One of the following assertions hold:
(i) DðSÞ is finite.
(ii) There exists ½pADðSÞ such that the map x/pwðxÞ from ðS; j  jÞ into
LðHpÞ#jjjjX is continuous.
Proof. Suppose that DðSÞ is inﬁnite. Let S be a set of pairwise non-equivalent
irreducible unitary representation of G such that f½p: pASg ¼ DðSÞ: Let ðpnÞ and
ðmnÞ be the sequences given in Lemma 4.2.
We ﬁrst examine the case when the sequences satisfy the ﬁrst assertion of Lemma
4.2. For every nAN let Tn be the linear operator from X into itself given by TnðxÞ ¼
mn
%x for each xAX : Since Tn is in the linear span of the translation operators on
X ; it follows that it is a continuous linear operator from ðX ; j  jÞ into itself for each
nAN: We now deﬁne Sn : X-Hpn#jjjjX by SnðxÞ ¼ pwnðxÞ for all xAX and nAN: It
is clear that Sn is a continuous linear operator from ðX ; jj  jjÞ into LðHpnÞ#jjjjX : On
the other hand, we have
ðSnFT1?TmÞðxÞ ¼ pwnðm1%?%mm%xÞ
¼ pwnðxÞ  pnðmm%?%m1Þ
for all xAX and m; nAN: Since pnðmm%?%m1Þ ¼ 0 if m4n; Lemma 4.3 now yields
NAN such that SNFT1?TN is continuous. Since SNFT1?TN is the composition of
F with the continuous linear map x/pwNðxÞ  pNðmN%?%m1Þ from ðX ; jj  jjÞ into
LðHpN Þ#jjjjX ; it follows that pwNðSÞ  T0 ¼ f0g; where T0 ¼ pNðmN%?%m1Þa0:
Since SðFÞ is invariant (Lemma 4.4(ii)), for all xAS and tAG we have
0 ¼ pwNðdt1%xÞ  T0 ¼ pwNðxÞ  ðpNðtÞT0Þ
and so pwNðSÞ  ðpNðmÞT0Þ ¼ f0g for each mAA: On the other hand, on account of
Lemma 4.1, we have pNðAÞ ¼ LðHpN Þ and so pwnðSÞ  ðLðHpN ÞT0Þ ¼ f0g: For every
continuous linear functional x on ðX ; jj  jjÞ we consider the continuous linear
operator Rx:LðHpN Þ#jjjjX-LðHpN Þ deﬁned through RxðT#xÞ ¼ xðxÞT for all
TALðHpN Þ and xAX : Note that Rxðz  TÞ ¼ RxðzÞT for all zALðHpN Þ#jjjjX and
TALðHpN Þ: From what has already been proved, it follows that
0 ¼ RxðpwNðSÞ  TT0Þ ¼ RxðpwNðSÞÞTT0
for all TALðHpN Þ: Since T0a0; we conclude that RxNðpwNðSÞÞ ¼ f0g for arbitrary x;
which entails that pwNðSÞ ¼ f0g: Since this contradicts our choosing ½pN  in DðSÞ; it
follows that this case does not arise.
We now turn to the case when the sequences ðpnÞ and ðmnÞ satisfy the second
assertion of Lemma 4.2. Let us observe that if man; then pwðmm%mn%SÞ ¼ f0g
for each ½pAGˆ and therefore Lemma 2.4(ii) yields mm%mn%S ¼ f0g: We now
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claim that there exists NAN such that the map
x/mN
%mN
%x
from ðS; j  jÞ into ðS; jj  jjÞ is continuous. To this end it is of interest to recall that,
on account of Lemma 4.4(i), S is closed in ðX ; j  jÞ: Suppose, contrary to our claim,
that all those maps are discontinuous. Then there exists a sequence ðxnÞ in S such
that
jxnjo2nð1þ anÞ1
and
jjmn%mn%xnjj4nð1þ bnÞ;
where an and bn stand for the norm of the operator x/mn
%x from ðX ; j  jÞ into
itself and from ðX ; jj  jjÞ into itself, respectively, for each nAN: Deﬁne
x0 ¼
XN
k¼1
mk
%xk;
the series being absolutely convergent in ðS; j  jÞ: On account of the continuity of the
map x/mn
%x from ðX ; j  jÞ into itself together with the fact that mm%mn%S ¼
f0g; we have
mn
%x0 ¼
XN
k¼1
mn
%mk
%xk ¼ mn%mn%xn
and thus
ð1þ bnÞnojjmn%mn%xnjj ¼ jjmn%x0jjpbnjjx0jj
for every nAN; which gives a contradiction. Pick NAN such that the map
x/mN
%mN%x from ðS; j  jÞ into ðS; jj  jjÞ is continuous. Since this map is
nothing but the composition of the map F when restricted to S with the continuous
linear operator x/mN
%mN%x from ðS; jj  jjÞ into itself, it may be concluded
mN
%mN%T ¼ f0g; where T denotes the separating space of the map F when
restricted to S: Accordingly,
f0g ¼ pwNðmN%mN%TÞ ¼ pwNðTÞ  pNðmN%mNÞ:
Since S is invariant, we see at once that T is invariant and then we can proceed as in
the preceding case with T0 replaced with pNðmN%mNÞ in order show that pwNðTÞ ¼
f0g: Since pwNðTÞ ¼ f0g and the map pwN is a continuous linear operator from
ðX ; jj  jjÞ into LðHpN Þ#jjjjX ; it follows that the map x/pwNðxÞ from ðS; j  jÞ into
LðHpN Þ#jjjjX is continuous, as required. &
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We are now in a position to prove the basic principle that we shall use in the
sequel.
Theorem 4.1. Let G be a compact group, let ðX ; jj  jjÞ be a Banach space, let t be a
sðX ;X)-continuous representation of G on X (where either X ¼ X  or X is a dual
Banach space and X is a predual of X ), and let j  j be a norm on X such that t becomes
a representation of G on ðX ; j  jÞ: Suppose that for every ½pAGˆ with pwðXÞaf0g the
following properties hold:
(i) dim pwðXÞoN;
(ii) There exist NpAN; a constant Ap; and a subset KpCG such that each
zALðHpÞ#X has a representation of the form
z ¼ pwðzÞ þ
XNp
k¼1
½pðt1k Þ  zk  tðtkÞzk;
where tkAKp; zkALðHpÞ#X ; and jjzkjjpApjjzjj for k ¼ 1;y;Np;
(iii) There exists a constant Bp such that
jtðtÞxjpBpjxj
for all xAX and tAKp:
Then jj  jj and j  j are equivalent.
Proof. Assume towards a contradiction that the result is false so that DðSÞa|:
We begin by proving that there exists ½pADðSÞ such that the map x/pwðxÞ from
ðS; j  jÞ into LðHpÞ#jjjjX is continuous. On account of Lemma 4.5, we are reduced
to proving the claim for DðSÞ ﬁnite. Suppose that DðSÞ ¼ f½p1;y; ½pN g: If xAS is
such that pwkðxÞ ¼ 0 for each kAf1;y;Ng; then pwðxÞ ¼ 0 for each ½pAGˆ and
Lemma 2.4(ii) now shows that x ¼ 0: Consequently, the map x/ðpw1ðxÞ;y; pwNðxÞÞ
from S into pw1ðXÞ ? pwNðXÞ is injective. Since dim pwkðXÞoN for each
k ¼ 1;y;N; we conclude that dimSoN: Hence for any pADðSÞ the map
x/pwðxÞ from ðS; j  jÞ into LðHpÞ#jjjjX is continuous.
We now pick pADðSÞ such that the map x/pwðxÞ from ðS; j  jÞ into
LðHpÞ#jjjjX is continuous. This clearly forces that the linear space M ¼
fzALðHpÞ#S: pwðzÞ ¼ 0g is closed in LðHpÞ#jjX : Let Y be the quotient Banach
space ðLðHpÞ#jjXÞ=M: Let us denote by j  jY the quotient norm on Y and let us
denote by Q the quotient map from LðHpÞ#jjX onto Y : Let C be the identity map
from LðHpÞ#jjjjX onto LðHpÞ#jjX and note that SðCÞ ¼ LðHpÞ#S:
For every tAG we deﬁne Ct : LðHpÞ#jjX-LðHpÞ#jjX by
CtðzÞ ¼ pðt1Þ  z tðtÞz
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for each zALðHpÞ#jjX : It is clear that the operator Ct is continuous with
jjCtjjpjjpðt1Þjj þ jtðtÞjp1þ Bp for each tAKp: We also check at once that
CtðLðHpÞ#SÞCLðHpÞ#S for each tAG: On the other hand, we have
pw½pðt1Þ  ðT#xÞ  tðtÞðT#xÞ
¼ pwðxÞ  ðpðt1ÞTÞ  pwðdt%xÞÞ  T
¼ pwðxÞ  ðpðt1ÞTÞ  ðpwðxÞ  pðt1ÞÞ  T ¼ 0
for all TALðHpÞ; xAX ; and tAG: Consequently, CtðSðCÞÞCM and so QCtC is
continuous for each tAG: On account of [24, Lemma 1.3], there is a constant Cp
(independent of t) such that jQCtCjpCpjQCtjpCpð1þ BpÞ for each tAG:
On the other hand, since dim pwðXÞoN and pwðLðHpÞ#XÞ is the linear span of
pwðX Þ  LðHpÞ (because pwðT#xÞ ¼ pwðxÞ  T for all TALðHpÞ and xAX ), it may be
concluded that dim pwðLðHpÞ#X ÞoN and therefore that there exists a constant Dp
such that jpwðzÞjpDpjjpwðzÞjj for each zALðHpÞ#X :
On account of (ii), for every zALðHpÞ#X ; we have
z ¼ pwðzÞ þ
XNp
k¼1
½pðt1k Þ  zk  tðtkÞzk;
where tkAKp; zkALðHpÞ#X ; and jjzkjjpApjjzjj for k ¼ 1;y;N: Hence
QCðzÞ ¼ QðpwðzÞÞ þ
XNp
k¼1
ðQCtkCÞðzkÞ
and
jQCðzÞjYp jQðpwðzÞÞjY þ
XNp
k¼1
jðQCtkCÞðzkÞjY
pDpjjpwðzÞjj þ
XNp
k¼1
Cpð1þ BpÞjjzkjj
pDpjjpwjj jjzjj þ
XNp
k¼1
Cpð1þ BpÞApjjzjj
¼ ½Dpjjpwjj þ NpCpð1þ BpÞApjjzjj:
This clearly forces that QC is continuous and therefore that LðHpÞ#SCM: In
particular pwðSÞ ¼ f0g; which contradicts the choice of p: &
ARTICLE IN PRESS
A.R. Villena / Journal of Functional Analysis 215 (2004) 366–398 385
4.3. Invariant functionals: a new insight
Let TðXÞ denote the linear span of the set fx  tðtÞx: xAX ; tAGg: It is
important to note here that a linear functional f on X is invariant if and only if
fðTðX ÞÞ ¼ f0g:
Lemma 4.6. There exists a discontinuous invariant functional on X if and only if at
least one of the following assertions holds:
(i) TðX Þ is not closed in X :
(ii) TðX Þ has infinite codimension in X :
Proof. SupposeTðXÞ is not closed in X : Set uATðXÞ\TðXÞ:We deﬁne f to be 1 at
u and 0 on TðXÞ; and then we extend f to X by linearity.
We now suppose that dim X=TðX Þ ¼N: Set a sequence ðxnÞ in X such that
fxn þTðX Þ : nANg is linearly independent in X : We deﬁne fðxnÞ ¼ njjxnjj for each
nAN and fðTðXÞÞ ¼ f0g; and then we extend f to X by linearity.
Finally, suppose that TðX Þ is closed in X and that dim X=TðX ÞoN: Hence
there exists a ﬁnite-dimensional subspace M of X such that X can be expressed as the
topological sum X ¼TðXÞ"M: If f is an invariant functional on X ; then
fðTðX ÞÞ ¼ f0g and thus f is continuous on TðX Þ: Of course, f is continuous on
M and therefore f is continuous on X : &
Our next goal is to explore the consequences of TðXÞ being closed in X :
Lemma 4.7. Let Y be a dual Banach space, let Y be a predual of Y ; and let t be a
sðY ;YÞ-continuous representation of G on Y such that tðGÞ consists of sðY ;YÞ-
continuous operators. If X is an invariant closed subspace of Y such that TðX Þ is
closed in X ; then there exist nAN and C40 with the property that for all yA %XsðY ;YÞ
and mAPðGÞ (the regular Borel probability measures on G) the element y  m%yAY
has a representation of the form
y  m%y ¼
Xn
k¼1
½yk  tðtkÞyk;
where tkAG; ykAY ; and jjykjjpCjjyjj for each kAf1;y; ng:
Proof. Our proof follows the pattern established in [23, Lemmas 1 and 2]. We shall
denote by BY ; BX ; and BTðX Þ the closed unit balls of Y ; X ; andTðXÞ; respectively.
On account of Lemma 2.2, t is the adjoint of a strongly continuous representation
t of G on Y:
For every nAN we deﬁne
Vn ¼
Xn
k¼1
½yk  tðtkÞyk : tkAG; ykAnBY ; k ¼ 1;y; n
( )
:
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Our ﬁrst objective is to prove that Vn is a sðY ;YÞ-compact subset of Y : To this end
we ﬁrst check that the map ðt; yÞ/y  tðtÞy from G  BY into Y is continuous when
both BY and Y are equipped with the sðY ;YÞ-topology. Let ðti; yiÞ be a convergent
net in G  BY with limðti; yiÞ ¼ ðt; yÞ: If xAY; then we have
jðyi  tðtiÞyiÞðxÞ  ðy  tðtÞyÞðxÞj
pjyiðxÞ  yðxÞj þ jðtðtiÞyiÞðxÞ  ðtðtÞyiÞðxÞj þ jðtðtÞyiÞðxÞ  ðtðtÞyÞðxÞj
pjyiðxÞ  yðxÞj þ jjtðt1i Þx tðt1Þxjj þ jyiðtðt1ÞxÞ  yðtðt1ÞxÞj
and the latter line clearly converges to zero. By Banach–Alaoglu theorem BY is
sðY ;YÞ-compact which, together with the compactness of G and the continuity just
checked, entails that the set W ¼ fy  tðtÞy : tAG; yABYg is sðY ;YÞ-compact. We
now observe that Vn is the n-fold sum of nW :
SinceTðX Þ ¼ SNn¼1 ðTðXÞ-VnÞ; Baire category theorem now shows that at least
one of the setsTðX Þ-Vn has a non-empty interior inTðXÞ: This implies that there
exist mAN; xATðXÞ-Vm; and r40 such that x þ rBTðX ÞCVm; which gives
BTðXÞCr1ðVm  xÞCr1ðVm  VmÞCr1V2m:
We now consider the set
Y ¼ mAMðGÞ : y  m%yA2BTðX ÞsðY ;YÞ; 8yABX sðY ;YÞ
n o
:
The task is to prove that Y is sðMðGÞ;CðGÞÞ-closed. Of course we are reduced to
proving that the map m/m%y from MðGÞ into Y is sðMðGÞ;CðGÞÞ  sðY ;YÞ-
continuous for each yAY : Let ðmiÞ a net in MðGÞ with limmi ¼ m with respect to the
sðMðGÞ;CðGÞÞ-topology. Then, for every xAY; we have
ðmi%yÞðxÞ ¼
Z
G
ðtðtÞyÞðxÞ dmiðtÞ ¼
Z
G
yðtðt1ÞxÞ dmiðtÞ
-
Z
G
yðtðt1xÞ dmðtÞ ¼ ðm%yÞðxÞ:
Our next claim is that dtAY for each tAG and that Y is convex. Let tAG and xABX :
Then x  tðtÞxA2BTðXÞ: The sðY ;YÞ-continuity of tðtÞ on Y now yields
y  tðtÞyA2BTðXÞsðY ;YÞ
for each yABX
sðY ;YÞ: We thus get dtAY: Let m; nAY; 0pap1; and yABX sðY ;YÞ:
Then
y  ðamþ ð1 aÞnÞ%y ¼ aðy  m%yÞ þ ð1 aÞðy  n%yÞA2BTðX ÞsðY ;YÞ;
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which gives amþ ð1 aÞnAY: On the other hand, PðGÞ ¼ fmAMðGÞ : mX0
and mðGÞ ¼ 1g: So PðGÞ is a sðMðGÞ;CðGÞÞ-compact convex subset of MðGÞ:
By Kreı˘n–Mil’man theorem PðGÞ is the sðMðGÞ;CðGÞÞ-closure of the convex
hull of its extreme points, which are nothing but the point mass measures dt
with tAG [2, Theorem 8.4]. Consequently, PðGÞCY: Since V2m is sðY ;YÞ-closed
in Y and BTðXÞCr1V2m; it may be concluded that 2BTðX Þ
sðY ;YÞC2r1V2m and
therefore that y  m%y1V2m for all yABX sðY ;YÞ and mAPðGÞ: If yA %XsðY ;YÞ\f0g;
then jjyjj1yABX sðY ;YÞ and so jjyjj1ðy  m%yÞA2r1V2m: Therefore there exist
t1;y; t2mAG and y1;y; y2mAY such that jjykjjp2m for each kAf1;y; 2mg and
jjyjj1ðy  m%yÞ ¼ 2r1
X2m
k¼1
ðyk  tðtkÞykÞ:
This gives
y  m%y ¼
X2m
k¼1
ðzk  tðtkÞzkÞ;
where zk ¼ jjyjj2r1yk and jjzkjjp2r12mjjyjj for each kAf1;y; 2mg; which
completes the proof. &
Theorem 4.2. Let X be a dual Banach space, let X be a predual of X ; and let t be a
sðX ;XÞ-continuous representation of a compact group G on X such that tðGÞ consists
of sðX ;XÞ-continuous operators. Then the following assertions are equivalent:
(i) Every invariant functional on X is continuous.
(ii) The subspace consisting of the invariant elements of X is finite-dimensional and
there exist NAN and a constant A such that each xAX has a representation of the
form
x ¼ lG%x þ
XN
k¼1
½xk  tðtkÞxk;
where tkAG; xkAX ; and jjxkjjpAjjxjj for k ¼ 1;y;N:
Proof. We ﬁrst suppose that assertion (i) holds. On account of Lemma 4.3,TðXÞ is
closed in X : Then we apply Lemma 4.7 with Y ¼ X to get NAN and a constant A
such that every xAX can be expressed in the form given in (ii) (take into account that
lG has been normalized to be a probability). We now consider the case when the
space of invariant elements of X ; which is nothing but lG%X ; is inﬁnite-
dimensional. Therefore there exists a discontinuous linear functional c on lG%X :
We deﬁne a linear functional f on X by fðxÞ ¼ cðlG%xÞ for each xAX : For all
xAX and tAG; we have
fðtðtÞxÞ ¼ cðlG%ðtðtÞxÞÞ ¼ cðlG%ðdt%xÞÞ ¼ cððlG%dtÞ%xÞ ¼ cðlG%xÞ ¼ fðxÞ
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and so f is an invariant functional. Since fðxÞ ¼ cðxÞ for each xAlG%X ; it follows
that f is discontinuous. From what has already been proved, it follows that (i)
implies (ii).
We ﬁnally suppose that assertion (ii) holds and that f is an invariant functional on
X : Then fðxÞ ¼ fðlG%xÞ for each xAX : Since dim lG%XoN; it follows that f is
continuous. &
Remark 4.1. It is evidently of interest to know that if t does not weakly contain the
trivial representation, then the zero functional is the only invariant functional on X
[28]. Let us recall that a representation p of a group H on a Banach space is said to
contain the trivial representation of H weakly if there exists a net ðxiÞ in X with
jjxijj ¼ 1 and limjjxi  pðtÞxijj ¼ 0 for each tAH:
We are thus led to the following characterization of the uniqueness of invariant
norms.
Theorem 4.3. Let X be a dual Banach space, let X be a predual of X ; and let t
be a sðX ;XÞ-continuous representation of a compact group G on X such that
tðGÞ consists of sðX ;XÞ-continuous operators. Then the following assertions are
equivalent:
(i) X carries a unique invariant norm.
(ii) Every p-invariant functional is continuous whenever ½pAGˆ is such that there exists
a non-zero p-invariant element.
Proof. Theorem 3.1 clearly entails that (i) implies (ii).
We now suppose that (ii) holds. It is a simple matter to check that tpðGÞ consists
of sðLðHpÞ ##X ; ðLðHpÞ ##XÞÞ-continuous operators. Since the p-invariant func-
tionals on LðHpÞ ##X are exactly the invariant functionals on LðHpÞ ##X with
respect to the representation tp; Theorem 4.2 now yields dim pwðLðHpÞ ##XÞoN
and there exist NpAN and a constant Ap such that for every zALðHpÞ ##X the
element z pwðzÞ has a representation of the formPNpk¼1ðuk  tpðtkÞukÞ; where tkAG;
ukALðHpÞ ##X ; and jjukjjpApjjzjj for k ¼ 1;y;Np: We thus get dim pwðX ÞoN and
z ¼ pwðzÞ þ
XNp
k¼1
ðuk  tpðtkÞukÞ ¼ pwðzÞ þ
XNp
k¼1
ðpðt1k Þ  zk  tðtkÞzkÞ;
where zk ¼ pðtkÞ  uk and so jjzkjjpjjpðtkÞjjjjukjj ¼ jjukjjpApjjzjj for k ¼ 1;y;Np:
Consequently, conditions (i) and (ii) of Theorem 4.1 are satisﬁed. On the other hand,
if j  j is any invariant norm on X ; then assertion (iii) of Theorem 4.1 is also satisﬁed
and therefore j  j is equivalent to jj  jj: &
In the next sections we explore the consequences of the results obtained in Sections
3 and 4 for the spaces of Example 2.3.
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5. Actions on locally compact spaces
5.1. Non-transitive actions
Throughout this section O stands for a locally compact Hausdorff space on which
G acts and that is endowed with an invariant positive Radon measure lO: We shall
denote by O=G the quotient space and by W the canonical quotient map.
Theorem 5.1. Let G be a compact group acting on a locally compact Hausdorff space
O which is endowed with an invariant positive Radon measure lO: If the quotient space
O=G is infinite, then LpðOÞ with 1ppoN does not carry a unique invariant norm.
Proof. We shall put into action [1, VII, Section 2.1-3]. Since G is compact, it follows
that G acts properly on O; which means that for all compact subsets K1 and K2 of O
the set ftAG : tK1-K2a|g is compact.
Let P:LpðOÞ-LpðOÞ the operator of convolution with lG: Then P is a projection
on LpðOÞ: TðLpðOÞÞ is contained in ker P and the subspace of CcðOÞ consisting of
functions constant on G-orbits is contained in PðLpðOÞÞ: Since this subspace is
isomorphic to CcðO=GÞ; which is inﬁnite-dimensional, it follows that TðLpðOÞÞ has
inﬁnite codimension. &
Remark 5.1. On account of the preceding theorem, one may expect the space LpðOÞ
to carry a unique invariant norm for some 1ppoN only in the case when G acts
almost transitively on O in the sense that O=G is ﬁnite. Suppose that G acts almost
transitively on O so that O is the disjoint union of the sets Go1;y;GoN for a
suitable choice of o1;y;oNAO: Then we may identify LpðOÞ with the Banach space
cp "Nk¼1 LpðGokÞ: Note that G acts transitively on each of the spaces Gok and
that, on account of [7, Proposition 2.44], all the spaces Gok become homogeneous
spaces. This means that there exist closed subgroups H1;y;HN of G such that Gok
is homeomorphic to the quotient space G=Hk of left cosets of Hk for k ¼ 1;y;N:
5.2. Transitive actions
In this section we shall study whether LpðG=HÞ carries a unique invariant norm in
the case when H is a closed subgroup of G and G=H stands for the quotient space of
left cosets of H: In the sequel, lH denotes the Haar measure on H normalized so that
lHðHÞ ¼ 1 and W denotes the canonical quotient map from G onto the homogeneous
space G=H: According to [1, Theorem 2 in Chapter VII, Section 2.5], G=H carries an
invariant positive Radon measure lG=H which is uniquely determined up to a
constant factor. This measure is the unique Radon measure on G=H satisfyingZ
G
f ðtÞ dlGðtÞ ¼
Z
G=H
Z
H
f ðtsÞ dlHðsÞ
 
dlG=HðtHÞ
for each fACðGÞ:
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We begin by showing that L1ðOÞ never carries a unique invariant norm provided
that O is inﬁnite.
Theorem 5.2. Let G be a compact group acting on an infinite locally compact
Hausdorff space O which is endowed with an invariant positive Radon measure lO:
Then L1ðOÞ does not carry a unique invariant norm.
Proof. On account of Theorem 5.1, we are reduced to proving the theorem for O=G
ﬁnite.
We proceed to prove that there exists a discontinuous invariant functional on
L1ðOÞ:We ﬁrst consider the case when O ¼ G=H; where H is a closed subgroup of G:
The proof consists in proving that TðL1ðOÞÞ is not closed in L1ðOÞ: To obtain a
contradiction, suppose that TðL1ðOÞÞ ¼TðL1ðOÞÞ: We can apply Lemma 4.7 to
the Banach spaces X ¼ L1ðOÞ and Y ¼ MðOÞ: Observe that L1ðOÞ is sðMðOÞ;
CðOÞÞ-dense in MðOÞ Consequently, Lemma 4.7 gives NAN and C40 such that, for
every mAMðOÞ; the element m lG%m has a representation of the form
m lG%m ¼
XN
k¼1
ðmk  tðtkÞmkÞ;
where tkAG and mkAMðOÞ with jjmkjjpCjjmjj for each kAf1;y;Ng: We now
pick oAO and consider the unit point mass measure do at o: There exist
m1;y; mNAMðOÞ and t1;y; tNAG with
do  lG%do ¼
XN
k¼1
ðmk  tðtkÞmkÞ:
Our next claim is that lG%do is a continuous measure. Write o ¼ xH with xAG
and set sAG: Since G is compact, G is unimodular and therefore we have
ðlG%doÞðfsHgÞ ¼ lGðftAG : txH ¼ sHgÞ ¼ lGðsHx1Þ ¼ lGðHÞ:
What is left is to show that lGðHÞ ¼ 0: Since O is inﬁnite, there exists a sequence ðsnÞ
in G with snH-smH ¼ | if nam: Hence
XN
n¼1
lGðsnHÞ ¼ lG
[N
n¼1
snH
 !
plGðGÞoN;
which gives lGðHÞ ¼ 0; since lGðHÞ ¼ lGðsnHÞ for each nAN: We are now in a
position to complete the proof. To this end we consider the discrete parts in the
identity do  lG%do ¼
PN
k¼1ðmk  tðtkÞmkÞ to obtain
do ¼
XN
k¼1
ðnk  tðtkÞnkÞ;
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where n1;y; nN are discrete measures on O: Taking into account that tkO ¼ O for
each k ¼ 1;y;N we arrive at
1 ¼ doðOÞ ¼
XN
k¼1
ðnkðOÞ  nkðtkOÞÞ ¼
XN
k¼1
ðnkðOÞ  nkðOÞÞ ¼ 0;
which is the desired contradiction.
Our next concern is the general case when O=G is ﬁnite. On account of Remark
5.1, L1ðOÞ ¼ c1 "Nk¼1L1ðGokÞ for a suitable choice of o1;y;oNAO: Then Gok is
inﬁnite for some kAf1;y;Ng: From what has previously been proved there exists a
discontinuous invariant functional f on L1ðGokÞ: It is clear that f/fð fjGokÞ is a
discontinuous invariant functional on L1ðOÞ: Finally, since O=G is ﬁnite, it follows
that O is compact and hence that the function o/1 lies in L1ðOÞ: Since this function
is obviously invariant, Theorem 3.1 now shows that L1ðOÞ does not carry a unique
invariant norm. &
Lemma 5.1. The following assertions hold:
(i) For every fACðGÞ; the function Qð f Þ : G=H-C defined by
Qð f ÞðWðtÞÞ ¼
Z
H
f ðtsÞ dlHðsÞ
for each tAG is in CðG=HÞ and the map Q is a continuous linear operator from CðGÞ
onto CðG=HÞ with tðtÞ3Q ¼ Q3tðtÞ for each tAG;
(ii) For every gACðG=HÞ; the function JðgÞ:G-C defined by JðgÞ ¼ g3W is in CðGÞ
and the map J is a linear isometry from CðGÞ into CðOÞ with tðtÞ3J ¼ J3tðtÞ for each
tAG and QðJðgÞÞ ¼ g for each gACðG=HÞ;
(iii) There exists a closed invariant subspace M of CðGÞ such that CðGÞ splits as the
topological sum CðGÞ ¼ JðCðG=HÞÞ"M:
Accordingly, CðG=HÞ can be thought of as an invariant-complemented subspace
of CðGÞ:
Proof. (i) It is shown in [1, Remark VII, Section 2.1] that Q is a continuous linear
operator from CðGÞ onto CðG=HÞ and it is easily seen that Q commutes with
translations.
(ii) It is straightforward to check that J is a linear isometry from CðGÞ into
CðG=HÞ which commutes with translations. On the other hand, if gACðG=HÞ and
tAG; then we have
QðJðgÞÞðWðtÞÞ ¼
Z
H
JðgÞðtsÞ dlHðsÞ ¼
Z
H
gðWðtsÞ dlHðsÞ ¼
Z
H
gðWðtÞÞ dlHðsÞ ¼ gðWðtÞÞ:
(iii) Deﬁne P ¼ J3Q: By (i) and (ii), P is a continuous linear operator from CðGÞ
into itself such that P2 ¼ P: Consequently, PðCðGÞÞ and M ¼ kerðPÞ are closed
subspaces of CðGÞ and CðGÞ ¼ PðCðGÞÞ"M: Since QðCðGÞÞ ¼ CðG=HÞ; we see
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that PðCðGÞÞ ¼ JðQðCðGÞÞÞ ¼ JðCðG=HÞÞ: On the other hand, tðtÞ3P ¼ P3tðtÞ for
each tAG and therefore M is invariant. &
Lemma 5.2. Let 1ppoN: Then the following assertions hold:
(i) For every fALpðGÞ; the function s/f ðtsÞ is in L1ðHÞ for each tHAG=H outside
a null subset of G=H; the function Qpð f Þ:G=H-C defined almost everywhere on
G=H by
Qpð f ÞðWðtÞÞ ¼
Z
H
f ðtsÞ dlHðsÞ
is in LpðGÞ; and the map Qp is a continuous linear operator from LpðGÞ onto LpðG=HÞ
with tðtÞ3Qp ¼ Qp3tðtÞ for each tAG;
(ii) For every gALpðG=HÞ; the function JpðgÞ:G-C defined by JpðgÞ ¼ g3W is in
LpðGÞ and the map Jp is a linear isometry from LpðG=HÞ into LpðGÞ with tðtÞ3Jp ¼
Jp3tðtÞ for each tAG and QpðJqðgÞÞ ¼ g for each gALpðG=HÞ;
(iii) There exists a closed invariant subspace Mp of L
pðGÞ such that LpðGÞ splits as
the topological sum LpðGÞ ¼ JpðLpðG=HÞÞ"Mp:
Accordingly, LpðG=HÞ can be thought of as an invariant-complemented subspace
of LpðGÞ:
Proof. (ii) Let gALpðG=HÞ: From [1, Proposition VII, Section 2.5] we see that
Z
G
jgðWðtÞÞjpdlGðtÞ ¼
Z
G=H
Z
H
jgðWðtsÞÞjpdlHðsÞ
 
dlG=HðtHÞ
¼
Z
G=H
Z
H
jgðtHÞjpdlHðsÞ
 
dlG=HðtHÞ
¼
Z
G=H
jgðtHÞjp dlG=HðtHÞ:
Hence JpðgÞALpðGÞ and jjJpðgÞjjp ¼ jjgjjp:
(i) Let us ﬁrst consider the case p ¼ 1: On account of [1, Proposition VII, Section
2.5], for every fAL1ðGÞ; we have
jjQ1ð f Þjj1p
Z
G=H
Z
H
j f ðtsÞj dlHðsÞ
 
dlG=HðtHÞ ¼
Z
G
j f ðtÞj dlGðtÞ ¼ jj f jj1:
This yields the continuity of Q1:
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We now turn to the case p41: Let q with 1
p
þ 1
q
¼ 1: Set fALpðGÞ and gALqðG=HÞ:
According to [1, Proposition VII, Section 2.5], we haveZ
G=H
jQpð f ÞðtHÞgðtHÞj dlG=HðtHÞp
Z
G=H
Z
H
j f ðtsÞj dlHðsÞ
 
jgðtHÞj dlG=HðtHÞ
¼
Z
G=H
Z
H
j f ðtsÞjjgðWðtsÞj dlHðsÞ
 
dlG=HðtHÞ
¼
Z
G
j f ðtÞgðWðtÞÞj dlGðtÞpjj f jjpjjgjjq:
Thus Qpð f ÞALpðG=HÞ and jjQpð f Þjjppjj f jjp: It is easily seen that Qp commutes
with translations. The property that QpðJqðgÞÞ ¼ g for each gALpðG=HÞ follows by
the same direct computation as in the proof of Lemma 5.1(ii). It should be noted that
it remains to prove that Qp maps onto L
pðG=HÞ:
(iii) This follows by the same method as in the proof of Lemma 5.1(iii). Deﬁne
Pp ¼ Jp3Qp and apply (i) and (ii) to get that Pp is a continuous linear operator from
LpðGÞ into itself such that P2p ¼ Pp: Therefore PpðLpðGÞÞ and Mp ¼ ker Pp are closed
invariant subspaces of LpðGÞ with LpðGÞ ¼ PpðLpðGÞÞ"Mp: Since CðG=HÞ is dense
in LpðG=HÞ and CðOÞ ¼ QpðCðGÞÞ; it follows that
JpðLpðG=HÞÞ ¼ JpðCðG=HÞÞCJpðCðG=HÞÞCJpðQpðLpðGÞÞÞ
¼PpðLpðGÞÞ ¼ PpðLpðGÞÞ:
This implies that PpðLpðGÞÞ ¼ JpðLpðG=HÞÞ and hence that QpðLpðGÞÞ ¼
LpðG=HÞ: &
Theorem 5.3. Let G be a compact group and let 1opoN: Then the following
assertions are equivalent:
(i) For every compact Hausdorff space O on which G acts with O=G finite, LpðOÞ
carries a unique invariant norm.
(ii) LpðGÞ carries a unique invariant norm.
(iii) Every invariant functional on LpðGÞ is continuous.
(iv) Every invariant functional on LpðGÞ is a constant multiple of the Haar integral.
Proof. ðiÞ ) ðiiÞ Take O ¼ G:
ðiiÞ ) ðiÞ Let O be a compact Hausdorff space on which G acts with O=G ﬁnite.
On account of Remark 5.1, there exist closed subgroups H1;y;HN of G such that
LpðOÞDLpðG=H1Þ"?"LpðG=HNÞ: According to Lemma 5.2(iii), there exist
closed invariant subspaces M1;y;MN of LpðGÞ such that LpðGÞD
LpðG=HkÞ"Mk for k ¼ 1;y;N: Then M ¼ M1"?"MN is a closed invariant
subspace of LpðGÞ with the property that LpðOÞ"MDLpðGÞN : Let ½pAGˆ and
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let f be a p-invariant functional on LðHpÞ ##LpðOÞ: We extend f to a
p-invariant functional c on LðHpÞ ##LpðGÞN by deﬁning c to be 0 on LðHpÞ ##M:
Our objective is to prove that c is continuous. From Theorem 3.1 it follows that c is
continuous when restricted to any of the summands LðHpÞ ##LpðGÞ and thus c is
continuous. Hence f is continuous and Theorem 4.3 now shows that LpðOÞ carries a
unique invariant norm.
ðiiÞ ) ðiiiÞ Theorem 3.1.
ðiiiÞ ) ðivÞ Theorem 4.2.
ðivÞ ) ðiiÞ Let ½pAGˆ and let f be a p-invariant functional on LðHpÞ ##LpðGÞ:
We ﬁx an orthonormal basis ðeiÞni¼1 in Hp so that LðHpÞ ##LpðGÞ can be viewed
as the matrix space MnðLpðGÞÞ and p can be thought of as an element in
MnðCðGÞÞ: Thus we can deﬁne a linear functional c on MnðLpðGÞÞ by
cðzÞ ¼ fðpzÞ for each zAMnðLpðGÞÞ: It is straightforward to check that tðtÞðpzÞ ¼
pðt1ÞptðtÞz for all zAMnðLpðGÞÞ and tAG: On account of the p-invariance of f;
we have
cðtðtÞzÞ ¼ fðptðtÞzÞ ¼ fðpðtÞtðtÞðpzÞÞ ¼ fðpzÞ
for all zAMnðLpðGÞÞ and tAG; which shows that c is invariant. This entails
that all the functionals f/cðEij#f Þ ði; jAf1;y; ngÞ on LpðGÞ are invariant.
According to our assumption, each of them is a constant multiple of the Haar
integral and so there exist ðaijÞAMnðCÞ such that cðzÞ ¼
P
i;jaij
R
G
zijðtÞ dlGðtÞ for
each zAMnðLpðGÞÞ: Since fðzÞ ¼ cðpzÞ for each zAMnðLpðGÞÞ; we conclude that f
is continuous. Finally, Theorem 4.3 shows that LpðGÞ carries a unique invariant
norm. &
The group G is said to have the mean-zero weak containment property if for all
t1;y; tnAG and e40; there exists fAL20ðGÞ ¼ f fAL2ðGÞ :
R
G
f ðtÞ dlGðtÞ ¼ 0g such
that jj f jj2 ¼ 1 and jj f  tðtkÞf jj2oe for k ¼ 1;y; n: This means that the trivial
representation of G is weakly contained in the left regular representation of G with
the discrete topology on L20ðGÞ:
It is evidently of interest to know that the mean-zero weak containment property
is closely related to Kazhdan’s property T. A discrete group H is said to have
Kazhdan’s property T if any unitary representation of H which weakly contains the
trivial representation has a one-dimensional invariant subspace. If G contains a
dense discrete subgroup with Kazhdan’s property, then the mean-zero weak
containment property fails to hold (we refer the reader to [20] for more information).
This is the case of the groups SOðnÞ with nX5 [13,25]. On the other hand, the failure
of the mean-zero weak containment property is shown to imply the automatic
continuity of the invariant functionals [19,28]. In fact, it is shown in [20] that for
countable groups the failure of the mean-zero weak containment property is
equivalent to the automatic continuity of the invariant functionals. We refer the
reader to [4,13,17–19,25] for some examples of groups for which the mean-zero weak
containment fails to hold.
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Theorem 5.4. Let G be a compact group for which the mean-zero weak containment
fails to hold. Then for every compact Hausdorff space O on which G acts with O=G
finite, all the spaces LpðOÞ for 1opoN and CðOÞ carry a unique topologically
invariant norm.
Proof. Let O be a compact Hausdorff space on which G acts with O=G ﬁnite and let
X and Y denote either LpðOÞ and LpðGÞ for 1opoN; respectively, or CðOÞ and
CðGÞ; respectively. Let us write the norm of X and Y by jj  jjX and jj  jjY ;
respectively.
As in the proof of Theorem 5.3, there exist NAN and a closed invariant subspace
M of Y such that Y N ¼ X"M: We shall denote by jj  jjY N the norm on Y N derived
from jj  jjY :
It is shown in [6, Lemma 5.1] (which was derived from [19] and [28]) that there
exist NAN; t1;y; tNAG; and a constant C such that every fAY has a representation
of the form f ¼ lG%f þ
PN
k¼1½ fk  tðtkÞfk; where fkAY and jj fkjjYpCjj f jjY for
k ¼ 1;y;N: Set ½pAGˆ: If zALðHpÞ ##Y ; then there exist T1y;TmALðHpÞ and
f1;y; fmAY such that z ¼
Pm
i¼1Ti#fi and
Pm
i¼1jjTijjjj fijjYp2jjzjj: For every
iAf1;y;mg let fi1;y; fiNAY such that fi ¼ lG%fi þ
PN
k¼1½ fik  tðtkÞfik with
fikAY and jj fikjjYpCjj fijjY for k ¼ 1;y;Np: We deﬁne zk ¼
Pm
i¼1Ti#fki for
k ¼ 1;y;N: Then z ¼ lG%zþ
PN
k¼1½zk  tðtkÞzk and jjzkjjjjzjj for k ¼ 1;y;N:
We now ﬁx an orthonormal basis ðeiÞni¼1 in Hp and we think of LðHpÞ ##Y as being
MnðY Þ and pAMnðCðGÞÞ: For every zAMnðY Þ; we have pzAMnðY Þ and therefore
pz ¼ lG%ðpzÞ þ
PN
k¼1½Zk  tðtkÞZk; where ZkAMnðY Þ and jjZkjjp2Cjjpzjj for
k ¼ 1;y;N: On the other hand, it is easily seen that lG%ðpzÞ ¼ ppwðzÞ: We now
deﬁne zk ¼ pðtkÞpZk for k ¼ 1;y;N: We check at once that z ¼ pwðzÞ þ
PN
k¼1
½pðt1k Þ  zk  tðtkÞzk and that jjzkjjpApjjzjj ðk ¼ 1;y;NpÞ for a suitable choice of
Ap: It is obvious that the same decomposition holds if we replace Y with Y
N :
Note that, for every fAY ; pwð f Þ ¼ p R
G
pðt1Þf ðtÞ dlGðtÞ and therefore pwðYÞ as
well as pwðY NÞ are ﬁnite-dimensional.
If j  j is a norm on Y N such that t is a representation of G on ðY N ; j  jÞ; then we
can apply Theorem 4.1 with Bp ¼ maxfjtðt1Þj;y; jtðtNÞjg to get that jj  jjY N and j  j
are equivalent.
We are now in a position to prove the uniqueness of the norm on X : Let j  j a
norm on X such that t becomes a representation of G on ðX ; j  jÞ: Then we can
deﬁne a norm jjj  jjj on Y N by jjjyjjj ¼ jyX j þ jjyM jjY N for each yAY N ; where y ¼
yX þ yM with yXAX and yMAM: It is a simple matter to show that t becomes a
representation of G on ðY N ; jjj  jjjÞ and from what has previously been proved, it
may be concluded that jj  jjY N and jjj  jjj are equivalent. This clearly entails that
jj  jjX and j  j are equivalent. &
Remark 5.2. It is worth pointing out that Theorems 5.3 and 5.4 generalize
[6, Theorems 5.1 and 5.2]. In fact, it is important to note that in [6] we were required
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to consider two-sided invariant norms while in Theorems 5.3 and 5.4 we show that
just the left invariance sufﬁces to characterize the norm.
It has been shown by Jarosz in [10] that both L1ðS1Þ and CðS1Þ do not carry a
unique topologically rotation-invariant norm and that LpðS1Þ with 1opoN carries
a unique topologically rotation-invariant norm. We can now extend this result to an
arbitrary n-dimensional sphere Sn: Indeed, when solving the Banach–Ruzewicz
problem for the spheres, it has been shown that the mean-zero weak containment
fails to hold for the groups SOðnÞ with nX3 (cases n ¼ 3; 4 in [4] and case nX5 in
[13,25]) and, on the other hand, the map
s/sðnorth poleÞ; SOðn þ 1Þ-Sn
turns Sn into a homogeneous space (observe that Sn ¼ SOðn þ 1Þ=SOðnÞ). Therefore
Theorem 5.4 now yields the following.
Corollary 5.1. If n41; then all the spaces LpðSnÞ with 1opoN and CðSnÞ carry a
unique topologically rotation invariant norm.
Remark 5.3. (i) It is worth pointing out that Corollary 5.1 holds true with Sn
replaced by any compact Hausdorff space equipped with a positive Radon measure
on which SOðn þ 1Þ (with n41) acts transitively as a group of continuous invertible
measure-preserving transformations, such as the n-dimensional projective space RPn
with n41 (observe that RPn ¼ SOðn þ 1Þ=OðnÞ).
(ii) Let M be a connected compact Riemannian manifold. According to [15], the
group IsoðMÞ of the isometries of M is a compact Lie group when endowed with
the pointwise convergence topology. Every isometry s of M yields an isometry of the
Banach space LpðMÞ with 1pppN in the obvious way f/f 3s: The question we
wish to address is whether the classical norms jj  jjp are the unique norms which are
so well-behaved with respect to IsoðMÞ: On account of Theorems 5.1 and 5.2, if
LpðMÞ carries a unique invariant norm for some 1ppoN; then M=IsoðMÞ is ﬁnite
and pa1: Being M connected this entails that IsoðMÞ acts transitively on M: By
Theorem 5.4, if the mean-zero weak containment fails to hold for IsoðMÞ then all the
spaces LpðMÞ with 1opoN and CðMÞ carry a unique norm invariant under
IsoðMÞ:
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